The s t r e s s intensity factor and crack opening have been calculated for a linearly viscoelastic strip with a slowly propagating central crack. to a propagating crack is found by superposition.
In t r odu c tion
Long narrow strips with a crack along the centerline a r e particularly useful and convenient tes t specimens for experimental studies of crack propagation in viscoelastic materials [ l , 2,3,4] .
energy dissipation due to internal viscosity strongly affects the fracThe ture mechanism in this class of materials and the typical rates of crack propagation a r e orders of magnitude smaller than the ones encountered in brittle materials [ 5 , 6 ] . The results to be presented in this note can be used to theoretically estimate the rate of this energy dissipation as a function of crack velocity {4, 71 .
Infinitely long elastic strips with cracks have been the subject of several theoretical investigations. Sneddon [ 81 , Knauss [ 91 and Lowengrub [ l o ] should be mentioned Among them the work of in the context of this note. A detailed description of the stresses in a strip with clamped edges displaced normal to the semi-infinite crack has been given by Knauss [ 9 ] . lytical solutions h r s m a l l central cracks in a strip with shearfree Lowengrub [ l o ] derived anaedges. In this note the experimentally important case of clamped strip edges displaced normal to the crack has been considered in addition to shearfree edges displaced in the same manner. The latter case can be looked upon a s a segment of an infinite plate containing an array of equally spaced cracks. The crack tips a r e assQmed to propagate with equal speeds in opposite directions.
The problem of a suddenly loaded strip with stationary crack is considered first. Sneddon [8] is applied to solve the associated elastic problem.
The Fourier transform method suggested b y The length and analytical solutions in the form of asymptotic series have been obtained for crack length up to about half the strip width.
solution to the problem of a propagating crack is then obtained by superposition, plate is contained in this study a s a limit case,
The
The case of a crack propagating through an infinite
Formulation of the Problem
The geometry under consideration is shown in figure 1. The linearly viscoelastic strip is infinitely long and has unit thickness.
All other dimensions of the strip a r e large compared to unity and a state of plane s t r e s s is assumed to exist throughout the strip. The strip edges a r e placed at y = -t b and a crack extends along the x-axis from x = -a to x = a. The two crack tips propagate in opposite directions of the x-axis with equal velocities v.
ties will be considered and the inertia terms in the governing equations a r e neglected.
is produced in the strip far away from the crack tips by a parallel displacement of the strip edges. The final answers will be restricted to times at which the strip is i n its long time or relaxed state far away from the crack tips.
length and the crack opening depends only on the crack length and the crack velocity in addition to the material properties.
Only small crack veloci-
In this case the state of s t r e s s is only a function of the crack
The s t r e s s state and crack opening due to a step strain o r any other strain history, however, could also be easily calculated.
Two sets of boundary conditions at y = -t b will be considered.
Case 1 denotes clamped strip edges, i. e . ,
and Case 2 describes shearfree strip edges 
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where a bar denotes the Laplace transform and the indices i, j indicate Cartesian components of the stresses 0, strains E and displacements u. The counterparts of Young's modulus and Poisson's ratio in the associated elastic problem a r e denoted.by E a n d 7, respectively, and the s t r e s s and strain deviators a r e defined as usually
1J 1J
3 kk ij 1 with 6.. standing for the Kronecker delta.
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Applying the Laplace transform to the boundary conditions distribution p(5) on q = 0 which is arbitrary but symmetrical over the q-axis.
Equation (10) is first solved for a pressure
The Laplace and Fourier transformed boundary conditions of this problem read
where the cosine transformation of the arbitrary pressure distribution is denoted by P,(w).
The solution of equation (10) is
( 1 3) with the factors A, b, C, D being functions of w; the pressure distribution, Poisson's ratio, and the strip geometry only.
boundary conditions ( l l a ) through (12b), i. e., Case 1, the factors a r e For the The functions m(n)(r); n = 1,2 a r e r + e-'sinh(r) sinh ( r ) 2 Case 2: m(2)(r) =
The as yet unsatisfied boundary conditions (6b, e ) can now be put in the form
The first of these dual integral equations can be identically satisfied 
sE(s 1
Making use of this relationship the inversions of equations (22) and (23) (21) With the kernel in the form of expression (27) For shearfree strip edges (n = 2 ) and up to terms of order (r;) series has also been given by Lowengrub J l O ] . The numerical solution was first carried out by subdividing the interval 0 < r 6 1 into 10 equal parts.
vergence of the results the number of divisions was doubled. For a/b = 5 the difference between the two results was found to be less than 0. 02% and this value got smaller with decreasing a/b ratio.
This agreement was considered good enough and the interval size was not further decreased.
In order to check the con-
The results of the numerical solution a r e graphically presented in figure 3 .
function of r.
proaches zero.
Z(n)(r) is seen to be a monotonically increasing
It; becomes a straight line of slope a s a/b ap-
The Stress Intensity Factor
The state of s t r e s s in the immediate surrounding of the crack tip is of particular interest with regard to crack propagation studies.
The s t r e s s component (r proached.
tends to infinity as the crack tip is ap-
YY
The strength of this singularity is commonly expressed in terms of a s t r e s s intensity factor.
factor a r e possible.
s t r e s s intensity factor I will be employed here:
Various definitions of this
The following definition of a nondimensional where oo is the normal s t r e s s in the y-direction which would exist in the strip i f the crack was absent.
and forming the limit the s t r e s s intensity factor I(n) for a cracked strip, cf. figure 1, can be found. Strictly speaking zquation (25) By substituting expression (25) describes only the stresses in a strip under interhal pressure, cf.
figure 2a, and a s t r e s s of magnitude G should be superposed. But the latter is a vanishing contribution as! the crack tip is approached 0 and does not affect the magnitude of the s t r e s s intensity factor.
The integrals in the expression for .'n) (x, 0) cannot be evaluated in closed form. An investigation [13] of their properties, however, shows that for x -a the s t r e s s is given by
The following simple expression for the s t r e s s intensity factor is thus obtained
The ratio a/b has been introduced in the arguments of I(n) and Z(n) to indicate their dependence on the crack length over strip width ratio, Asymptotic expansions for the intensity factors a r e readily obtained for small ratios a/b by substitution of the appropriate series expressions for Z(n), cf. equation (28). For a/b 1 1. 5 the s t r e s s intensity factors a r e practically equal to these constant values, i. e. , the difference between numerically determined values and the above limits is less than 0. 5%.
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Depending on the boundary conditiohs and Poisson's ratio the three term expansions for I(n) based on equation (28) The opening near the crack tip is of special interest in crack propagation studies.
and using integration by parts it can be shown [13] that there is one dominating t e r m as x -a and a simplified expression for the opening near the propagating crack tip can be derived where use has been made of ( 2 9 ) and the new independent variable Figure 6 shows the shape of the crack tip a s a function of crack velocity for a particular composition of the Polyurethane elastomer Solithane 113 [16] , perature is about 1. 0 min. For equal stresses oo (stress in the strip i f there was no crack) the crack tip is seen to become more and more pointed as the crack velocity increases.
At T = 273OK the g The relaxation time at this tem-
The very tip of the crack, however, remains blunt but has a radius of curvature which is several orders of magnitude smaller than that of the stationary crack [13] .
Conclusions
For crack length over strip width ratios greater than 1. 5 the s t r e s s intensity factor is practically constant and is equal to the value for a semi-infinite crack in an infinitely long strip. Between 0.4 < a < 0. 8 the intensity factor goes through a weak maximum the exact location of which depends on the boundary conditions and Poisson's ratio. the same as in an infinitely large plate with crack. b a For is< 0. 08 the intensity factor is essentially
The stresses around the crack tip do not depend on the crack velocity provided inertia terms can be neglected in the governing equations and Poisson's ratio can be assumed a constant. The crack opening near the crack tip, however, depends strongly on the rate of crack propagation.
